The interaction between two finite chains of dipoles is treated in a systematic fashion by considering perturbations from the idealized case of two infinite, uniform, parallel chains.
Interest in the evolution of structure in electrorheological (ER) and magnetorheological (MR) fluids has grown sharply in recent years; still there is no quantitative understanding based on anything close to first principles. Basic structure formation occurs in two, somewhat overlapping stages. First there is the formation of chains through either direct ("ballistic") interactions at high volume fraction or diffusion-limited aggregation at low volume fraction [1] [2] [3] [4] . The second and more obscure stage of structure formation, is the binding of chains into columns. We claim that this process, already an idealization of what happens in real samples, is not all theoretically understood.
As discused below, even for chains which contain thousands of particles, the dipole-dipole interaction between uniform, parallel chains is always repulsive for chains more than about two particle diameters apart. Thus, except at very large volume fraction, it is difficult to understand how columns can form without some additional long-range, attractive interaction between the chains.
The chains are not uniform and parallel, however. At zero temperature they relax to minimize the total energy. In doing so, we shall show that a long-range, attractive interaction is generated. There are also finite temperature corrections to the effective interaction potential between two chains, but we find here that they turn out to be repulsive, contrary to the result of [5] . Nevertheless, because the effective potential is much steeper at short distances, it turns out that the mean range of attraction further increases due to thermal effects.
We begin by setting the notation. To simplify the formulas and to keep quantities from getting too small or large we choose to use "natural" Gaussian units defined as follows. The dipole moment (m), particle mass (M) and average distance between neighboring particles in a chain (D) are all set equal to 1. (D is typically only slightly larger than the particle diameter [6] . We approximate all the dipole moments to have the same magnitude and direction.) In these units the interaction parameter (ratio of neighboring dipole-dipole interaction energy
. Also, the unit of time is not a lengthy second, but a dynamically more
, typically a few µs.
We first consider two uniform, parallel chains of N dipoles each, with relative vertical shift s, separated by distance ρ. The interaction energy is
where
is the interaction potential for infinite chains (N → ∞), and the finite size corrections are given by
As shown in [7, 5] , using the Poisson summation identity, Eq. (2) can be rewritten as
which can be either attractive or repulsive depending on the shift. Approximating the sums in (3) by integrals, we obtain
Additional corrections can be calculated using the Poisson summation identity on the first term of (3), and the Euler-MacLaurin formula on the rest. Adding (4) and (5),
We see that U monopole gives the O(N 0 ) and O(1/N) finite size corrections to U direct , but it also has a simple physical interpretation. U monopole is precisely the interaction potential of two continuous, uniform, dipole lines as written in terms of the four bound magnetic charges at the ends [8] . (ρ m = −∇ ∇ · M, M the magnetization.) Thus an alternative to considering U monopole to be the finite size correction to U direct , is to consider U direct to be a correction to U monopole due to the discrete nature of the dipole chains.
Numerical analysis indicates that (6) is a quite accurate approximation to (1) (typically at the 1% level or better) for ρ ≫ 1 and arbitrary N and s (chains widely separated), as well as for ρ > ∼ 1, N ≫ 1 and |s| ≪ N (long chains with modest shift). In this paper we are primarily interested in the interaction between two long chains which span a sample, i.e.,
For this, (6) will be an excellent approximation.
The effect of the monopole-monopole repulsion (U monopole ) is extremely significant, as has been previously emphasized [9] . Fig. 1 shows the dependence of U 0 /N as a function of the interchain distance ρ for pairs of chains with no shift and various values of the length, N. It is clear that the approach to infinite length, U direct /N, is quite non-uniform in ρ. Because of the exponential decay of U direct , beyond a couple of particle diameters U monopole dominates U direct by orders of magnitude, even for as many as thousands of particles per chain.
So far we have calculated the interaction potential for two parallel, uniform chains. Now we allow the chains to bend by carrying out a calculation which is perturbative in the inverse of the particle number and in the displacement of the chains from uniform and parallel. To keep the calculation tractable, we continue make the approximation that all the particle dipole moments have the same magnitude and are parallel to the external field direction.
We will sum over thermal fluctuations as in [5] , yet discover in the end that an attractive interaction occurs even at zero temperature.
The interaction potential is now given by
Here e.g., ∆x j and ∆x ′ j are the x-deviations of the jth particle in the first and second chains respectively, from their positions if the chains were parallel and uniform. In addition there is an intrachain potential which describes the increase in energy associated with bending each individual chain. We will discuss U intra below.
We expand in the deviations through second order:
U 0 = U direct + U monopole is the same as in (1) and (6) . U 1 = U inter,1 is not zero, which implies a correction to the zero-temperature interaction potential. At this point we begin to exchange generality for clarity (and page limit) by considering only y perturbations from straight and uniform chains. In that case,
and
We Fourier transform by writing
e ikm ∆y k and ∆y
with allowed wavenumbers of the form k = 2πj/N (j an integer), −π ≤ k ≤ π. We fix the average positions of the chains in the calculation of the effective interaction potential, so k = 0 and p = 0 must be excluded. The potential is quadratic in the ∆y k and ∆y
and so in principle we can calculate the partition function by Gaussian integration. We restrict attention to shifts s ≪ ρ which allows us to neglect all factors of s in Eqs. (9) and (10), and we also neglect the contributions from modes of different wavenumber (which formally are smaller by O (1/N) ). Finally, since we have frozen out the motion in the z direction, we calculate the intrachain potential from all the dipole-dipole interactions within each chain, i.e. without taking into consideration short range repulsive interactions which keep the particles from coalescing. In this model, the intrachain potential turns out to be
where the "stiffness constant" s(k) is given by
For the free energy F = −k B T ln Z, which plays the role of the effective interaction potential between the two chains, we obtain
where U 0 = U direct + U monopole is the interaction potential between uniform, parallel chains as discussed above, the "relaxation potential"
is the correction which survives the zero-temperature limit, and
gives the finite-temperature correction. I(k) and J(k) are defined by
U relax -The Zero Temperature Contribution. The existence of U relax indicates that,
given the opportunity, chains will relax from an initially straight and parallel configuration, even at zero temperature. This increases the intrachain potential (i.e. it costs energy to bend each chain), but decreases U inter more. The net effect is a reduction in the total energy and an interaction between the two chains which turns out to be long range, proportional to the lengths of the chains, and attractive.
What is the expected asymptotic behavior of (15) 
Note that ρ ′ ∼ ρ for N ∼ 100. For N ≫ 100 and ρ ′ ≫ 1 we obtain
We compared the zero-temperature result, U relax of Eq. (15), to molecular dynamics simulations at zero temperature in which the average distance between the chains was constrained to be ρ. The squares and triangles shown in Fig. 2 were obtained by subtracting U 0 from the numerically calculated interaction energy. This is compared to the analytic result We also analytically obtained Eq. (15) by straight minimization of the energy, Eq.
(8), making the same approximations as above. Of course that approach can not provide the finite temperature corrections, U T . But it does give the ∆y k and, by inverse Fourier transforming, the displacements of the particles, ∆y m , which minimize the energy. In this way we were able to obtain the shapes of the chains at zero temperature. We find that the ends of the chains bend away and the middles of the chains bend toward each other.
This effect was first noticed numerically in [4] . A study by Mohebi et al. [4] numerically examined the "escape distance" (ρ c ) of two off-register (s = 1/2) chains as a function of particle number N. ρ c is defined to be the critical distance beyond which two chains repel. We calculated that distance by maximizing the zero temperature effective potential, U 0 + U relax , with respect to ρ, as a function of N.
The result is the solid curve of Fig. 5 . We compared this result to values obtained by molecular dynamics. These numerical values were obtained by first allowing the two chains to "relax" to their lowest energy state at a fixed distance ρ, after which they were set free.
If they moved apart (together) the simulation was repeated with a smaller (larger) initial distance. In this way we were able to converge to ρ c for various values of N. (In Ref.
[4] the chains were not allowed to relax until after they were released; x and z motion were allowed in those simulations but not in ours.) The agreement between the λ = ∞ analytical and numerical results in Fig. 5 is better than expected considering that ρ ′ c is only about 2 in the range shown.
If we use the asymptotic result for U relax , Eq. (20), we obtain
which corresponds to ρ ′ ∼ 1.5. This is the dashed line in For sufficiently large N and ρ we obtain the asymptotic behavior of (16):
For large λ, i.e. large magnetic field, U T is much smaller than U relax . Numerical calculation of the off-diagonal contributions to U T indicates that contrary to the case for U relax , these contributions are significant. (They were neglected in (15) Consider random kicks of a soccer ball beginning at the top of a two-dimensional hill.
One side of the hill has a very steep slope, whereas the other side has a gentle slope. It is much more likely that the ball will end up at the bottom of the steep slope. To get the ball to end up half the time on one side of the hill and half the time on the other, it is necessary to begin part-way down the gentle slope. In this analogue, the hill is the effective potential, Eq. (14), which is much steeper on the low ρ side of the maximum. The kicks are thermal and the location of the ball is the value of ρ, i.e. the distance between the chains. That the value of ρ c obtained numerically is bigger than the value of ρ at the peak of the potential is now clear. The "discrepancy" disappears as λ → ∞ which corresponds to temperature → 0.
Correspondingly the "discrepancy" gets larger as λ decreases.
Thus we conclude that although the finite temperature correction to the effective potential is repulsive (and usually small), thermal effects combined with the asymmetry of the effective potential cause the average escape distance to increase with decreasing λ. 
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